APPENDIX B: Probability 641

For example, suppose X(8) = o0Z + 8, where Z is a standard normal random
variable. Then X(6) is normal with mean 6 and standard deviation o, and X(8) is
strongly stochastically convex in 6.

A somewhat weaker version of stochastic convexity is the following:

DEFINITION B.4 X(8) is stochastically convex in the sample-path sense
(SCX-sp) if for any four values 03,1 = 1,2,3,4 satisfying 62 — 61 = 64 — 65 and
04 > max{62,03}, there exist random variable Xi,i = 1,2,3,4 defined on a common
probability space (Q, F, P), such that X is equal in distribution to X (6:), ¢ = 1,2,3,4
and

X4(w) - Xa(w) > X2(W) - Xi (w),

forall we .

To illustrate, we show that the sum of Bernoulli random variables is stochastically
convex (and concave) in this sample path sense. To do so, let 6;,i = 1,2,3,4 be
integers satisfying 62 — 61 = 64 — f3 and 64 > max{62,63}, and let w define an
infinite sequence {Yi, Y2,...} of i.i.d. Bernoulli random variables as before. Note that
61 < min{62,63} (clse 85 < max{f2,03}), and define

X1 = ) Y
i:al
X3 = Eyi
18=41
Xo = YV
X2 = ;.{_1+(X4—X3).

Note X; is equal in distribution to X (6;) since each is the sum of 8; i.i.d. Bernoulli
random variables, and by construction

X4—-Xa=X2-X,y,

so X (0) is stochastically convex in the sample path sense.
The following proposition relates these versions of stochastic convexity:

PROPOSITION B.3 8SCX = SICX-sp = SCX.

So showing X (#) is either strongly stochastically convex or stochastically convex in
the sample path sense, implies that X (8) is stochastically convex. Again, returning to
our example, this implies that if X (8) is the sum of 8 i.i.d. Bernoulli random variables
and g(x) is a convex function, the E{g(X(6))] is convex in 6.



